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1. Introduction

A graph property P is an α-property if it can both be determined efficiently (1)
whether or not an arbitrary graph has that property and, (2) in the case the graph
does have property P , whether the independence number of the graph can be com-
puted efficiently. An example of an α-property is the property of being bipartite. It
can be determined efficiently whether a graph is bipartite and also what its matching
number µ is [18]; the König-Egerváry Theorem says that if a graph is bipartite then
α = n− µ, so α can be computed efficiently.

An α-reduction is an efficient transformation of an independence number calcula-
tion on a graph G into one on a graph or graphs with fewer vertices. So, for instance,
if G has a pendant vertex v, it can be included in some maximum independent set;
so α(G) = 1 +α(G−N [v]); that is, the problem of finding the independence number
for G can be reduced to that of finding the independence number for the smaller
graph G−N [v].

An important idea in calculating the independence number of a graph G is to try to
partition the vertices into non-trivial sets A and B so that α(G) = α(G[A])+α(G[B]).
What is always true, for any partition, is that α(G) ≤ α(G[A]) + α(G[B]). Let
the border of a set of vertices S in a graph G, denoted Bord(S), be the vertices
which are adjacent to vertices in V − S. The interior of S in G, denoted Int(S),
is the set of vertices in S which are not adjacent to any vertices in V − S; so
Int(S) = S − Bord(S). So, for every set S, α(G) ≥ α(G[Int(S)]) + α(G[V − S]).
Since α(G) ≤ α(G[S]) +α(G[V −S]), equality holds, and it is possible to reduce the
original independence number problem to that on proper subgraphs—in the case that
there is a non-trivial set of vertices S with the property that α(G[S]) = α(G[Int(S)]).
Such a set S is called a stable block. So it is useful to have efficient algorithms for
finding stable blocks; some are discussed below. If S is a stable block in a graph G
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then the problem of finding the independence number for G can be reduced to that
of finding the independence numbers of the two smaller graphs G[S] and G[V − S].

1.1. König-Egerváry Theory and Fractional Independence. One example of
an α-reduction, due to Larson, leads to the identification of a stable block and has a
wide variety of applications. An independent set of vertices Ic is a critical independent
set if |Ic| − |N(Ic)| ≥ |J | − |N(J)|, for any independent set J . The definition of a
critical independent set is due to Zhang [22], who showed that these could be found
in polynomial time. The theory was then further developed by Ageev in [1]. A graph
may contain critical independent sets of different cardinalities. A graph consisting of
a single edge (K2, the complete graph on two vertices) has critical independent sets of
cardinalities 0 and 1. For some graphs the only critical independent set is the empty
set; K3 is an example. A maximum critical independent set is a critical independent
set of maximum cardinality. It is easy to verify that, for any graph with at least three
vertices, a maximum critical independent set must contain all pendant vertices; so
a maximum critical independent set is a generalization of the set of pendants. The
critical independence number of a graph G, denoted αc = αc(G), is the cardinality of
a maximum critical independent set. The author showed that maximum cardinality
critical independent sets, and thus αc, can be found in polynomial-time [9]. Clearly
αc is a lower bound for α.

Butenko and Trukhanov showed that any critical independent set can be extended
to a maximum independent set [4]. This result led to a number of recent papers
[14, 16, 17, 15, 9, 10, 13, 5]. A maximum critical independent set in a graph is not
unique but, the author has shown, the union of a maximum independent set and its
neighbors is unique, yielding the following Independence Decomposition Theorem
(IDT) [10].

Theorem 1.1. For any graph G, there is a unique set X ⊆ V (G) such that

(1) α(G) = α(G[X]) + α(G[Xc]),

(2) G[X] is a König-Egerváry graph,

(3) for every non-empty independent set I in G[Xc], |N(I)| > |I|, and

(4) for every maximum critical independent set Jc of G, X = Jc ∪N(Jc).

A König-Egerváry (KE) graph is a graph where the independence number α and
the matching number µ sum to the order n; they are generalizations of bipartite
graphs. KE graphs have been widely studied, have a number of nice properties,
can be identified in polynomial time and, significantly, their independence num-
bers can be computed in polynomial time [5]. Figure 1.1 provides an example of
a decomposition according to the theorem. The vertices Ic = {a, b} form a maxi-
mum cardinality critical independent set The sets X = Ic ∪N(Ic) = {a, b, c, d} and
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Xc = V \X = {e, f, g} induce a decomposition of the graph which has the property
that G[X] is a KE graph and G[Xc] has the property that every non-empty inde-
pendent set has more neighbors than the cardinality of the set. The set X in this
decomposition is necessarily a stable block: since Ic ⊆ Int(X) ⊆ X, it follows that
α(G[X]) = α(G[Int(X)]). The graph in Figure 1.1 is an example of a graph where
the problem of calculating its independence number can be efficiently α-reduced.

Jack Edmonds conjectured that the theory of critical independent sets and the
IDT are equivalent to results on the linear programming relaxation of the integer
programming formulation of the independence number problem due to Nemhauser,
Trotter, Picard and Queyranne [20, 21]. This was proved by the the author [11]. The
interaction between these theories may prove fruitful.

Figure 1. The sets X = {a, b, c, d} and Xc = {e, f, g} provide the unique
decomposition guaranteed by the Independence Decomposition Theorem.

2. α-reductions

The main idea of an α-reduction is to reduce the problem of calculating the inde-
pendence number of a graph to that of calculating the independence number on one
or more smaller graphs. A simple example is a graph with a pendant vertex. If G
has a pendant vertex v and neighbor u, then α(G) = α(G[V − u]]). The idea of a
pendant vertex has been broadly generalized to that of a critical independent set.

Some known α-reductions include the following.

(1) If the components of G are G1, . . . , Gk, then α(G) =
∑k

i−1 α(Gi).
(2) If G has a vertex v of degree n-1, then α(G) = α(G − v); that is, v can be

removed.
(3) If there is a vertex v such that N [v] is a clique then α(G) = 1+α(G[V −N [v]]);

that is, v and all its neighbors may be removed.
(4) If there are vertices v and w with N [w] ⊆ N [v] then α(G) = α(G− v); that

is v can be removed [7]. There are O(n2) pairs of vertices to check.
(5) A vertex v is foldable if α(G[N(v)]) ≤ 2 and d(v) ≤ 3. In this case remove v

and any neighbors incident to an edge. For every edge uw ∈ G[N(v)], create
a new vertex uw. In the reduced graph uw is adjacent to any vertex that was
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adjacent to u or to w as well as any other new vertex created from u or w
[7]. The number of vertices in the new graph goes down by at least one.

(6) If I is a critical independent set then α(G) = |I|+ α(G−N [I]).
(7) Find a 0, 1, 1

2
solution to the vertex packing linear programming problem.

Let V1 be the set of vertices labeled 1. Then α(G) = |V1|+ |G−N [V1]|. These
results are due to Balinski [3], Nemhauser and Trotter [20].

3. α-Properties

There are graph properties where membership can be tested in polynomial time,
and where the independence numbers of members can be computed in polynomial
time. These α-properties include the following.

(1) König-Egerváry graphs. These include bipartite graphs. The author has
shown that a graph is KE if, and only if, α = αc [9].

(2) Graphs where the independence number α and annihilation number a are
equal [13].

(3) Almost König-Egerváry graphs. These include odd cycles and appear in the
study of graphs where α = a [13].

(4) Claw-free graphs. These are graphs which do not contain an induced K1,3.
These include line graphs [19, 6].

(5) Chordal graphs. These are graphs whose only induced cycles are triangles
[8]. Efficiently checking if a graph is chordal is discussed in [2].

(6) Graphs where α = n−M + 1, where M is the median degree [12].
(7) Many common graphs classes including complete graphs, empty graphs, paths,

cycles, and trees. Several of these are bipartite or α-reducible.
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